A new family of exact solutions of the scalar Helmholtz equation is presented. The 0, 0 order of this family represents a new mathematical model for the fundamental mode of a propagating Gaussian beam. The family consists of nonseparable functions in the oblate spheroidal coordinate system and can easily by transformed into a different set of solutions in the prolate spheroidal coordinate system, where the 0, 0 order is a spherical wave. This transformation consists of two substitutions in the coordinate system parameters and represents a more general method of obtaining a Gaussian beam from a spherical wave than assuming a complex point source on axis. Finally, each higher-order member of the family of solutions possesses an amplitude consisting of a finite number of higherorder terms with a zero-order term that is Gaussian.
INTRODUCTION
The present work is related to two areas of wave-propagation research. The first is the subject of finding exact solutions of the scalar Helmholtz equation, and the second concerns complex point sources generating beam waves that are also solutions of the scalar Helmholtz equation. The latter body of work began with a paper by Deschamps 1 with the application of such beams to the problems of Gaussian-beam propagation. Much of this body of research depends on the paraxial approximation for simplification, with the validity of the results therefore limited to the paraxial region. The results presented here are not restricted to the paraxial region and, although this work bears some similarity to the research on complex point sources, particularly to the work of Einziger and Raz, 2 the physical interpretations are radically different, and the results include a family of exact solutions, not just a zero-order equation.
Most methods of determining solutions of the scalar Helmholtz equation begin by assuming a general solution that is separable in the coordinate system of choice. In the prolate and oblate spheroidal coordinate systems, in particular, the definitive work on solutions of the wave equation is contained in Flammer's Spheroidal Wave Functions. 3 The solutions presented in this paper, though expressed in these coordinate systems, are not separable in either system. While this does represent an additional level of complexity, the resultant solutions have analytic forms instead of an infinite series as for Flammer's separable solutions. Furthermore, Flammer's method of solving the wave equation requires different solutions for different values of the product kd, where k is the propagation constant of the medium and 2d is the focus spacing for the prolate or oblate spheroidal coordinates. In contrast, the exact solutions presented here are valid regardless of the value of the kd product.
Two families of closed-form, nonseparable solutions to the scalar Helmholtz equation are presented here: one in the prolate spheroidal coordinate system and the other in the oblate spheroidal coordinate system. The families are related by a transmutation, introduced by Flammer, which consists of two parameter substitutions. The first is the substitution of +it for the prolate spheroidal coordinate t in the oblate spheroidal system; the second is the replacement of ikd in the prolate spheroidal system with +kd in the oblate spheroidal one. Note that this differs from a simple coordinate transformation; furthermore, we perform the substitution or transformation on both the Helmholtz operator and the wave function. This generates an entirely new and different family of solutions of the wave equation in the oblate spheroidal coordinate system from a family of solutions in the prolate spheroidal system. Both families are exact solutions of the wave equation, but they are radically different in form. Specifically, we transmute a spherical wave with a real point source on axis into a Gaussian beam.
It is in this transmutation from one system to another and from one family of solutions to another that our research appears similar to the complex-point-source work. However, nowhere do we employ the interpretation of a complex point source generating physically realizable beams. In particular, the concept of a Gaussian beam source is studiously avoided, since such a beam arises from the physical-optics phenomena within a resonator, not from any single source.
SPHEROIDAL COORDINATE SYSTEMS: BACKGROUND AND COMMENTS
The prolate and oblate spheroidal coordinate systems, shown in Figs. 1(a) and 1(b), are two orthogonal coordinate systems in which the scalar wave equation is separable. As such, they have found application in a variety of wave-propagation and wave-scattering problems. In particular, some authors 2 ' 4 -7 have used the oblate spheroidal coordinate system to express the propagation of a Gaussian beam because of the simplicity of modeling a contour of constant amplitude in the beam as a hyperboloid of one sheet, which is one of the oblate spheroidal coordinate surfaces. Since we will be using this system quite extensively here to develop an exact solution of Helmholtz's equation, we devote this section to comments regarding the oblate spheroidal coordinate the difference of its distances to the foci remains constant. In Figs. 1(a) and 1(b) these distances are shown as r+ and r-, respectively. In the prolate case, these distances are r+ = [ 
The same procedure can be followed in the oblate spheroidal coordinate system, although, since the focus is a ring, r+ and r-are drawn in the same azimuthal plane. Therefore r+ and r-are system and its relationship to the prolate spheroidal coordinate system. The prolate and oblate spheroidal coordinate systems are formed by rotating a system of confocal ellipses and hyperbolas about the major or minor axis, respectively, of the ellipse. The details of these two systems are given in Appendix A. While it is tempting to think of the difference between the prolate and oblate systems as a simple rotation or flattening of the ellipsoids, such is not the case. As Fig. 2 demonstrates, the foci in the prolate spheroidal system are two distinct points on the z axis, whereas the focus in the oblate system is a ring in a plane perpendicular to the z axis.
Furthermore, the hyperboloids of revolution consist of two separate sheets in the prolate case but are single, continuous sheets in the oblate. The confocal ellipses and hyperbolas for both the prolate and oblate systems can be defined in terms of the usual definitions of ellipses and hyperbolas.
That is, an ellipse is the locus of a point P that moves such that the sum of its distances to the foci remains constant.
Similarly, a hyperbola is the locus of P that moves such that (1) ward from the focal point at z = -d, expressed in prolate spheroidal coordinates as indicated by the subscript P/S. Let us now apply the transformation of relation (9) to both the Helmholtz operator V 2 + k 2 and the wave function gp/s.
Equation (11) becomes
In addition, because of the transformation of the operator (v2 + k 2 ), the scalar wave equation is that given by Eq. (10) for the oblate spheroidal coordinate system. We have, in effect then, transformed the entire Helmholtz equation, operator, and wave function from the prolate to the oblate spheroidal coordinate system. In other words,
where the subscript O/S refers to the oblate spheroidal coordinate system. We can now interpret the wave function on the right-hand side of relation (12) as a function in oblate spheroidal coordinates. We rewrite it as
where k is the propagation constant, d is the radius of the ring focus, t = constant is an oblate ellipse, and -q = constant is a hyperboloid of revolution of one sheet.
The function ,tols describes a wave with a wave front that is nominally a section of an oblate ellipsoid (Q = constant).
This wave front is modified by the term exp(-i tan-' t/1j) as 1 varies from 1 to 0. In fact, this arctangent factor has a simple but intriguing geometrical interpretation that will be the subject of a future paper. 8 The exponential amplitude exp[-kd(1 -77)] specifies the amplitude distribution on the oblate ellipse. In the paraxial limit, this term reduces to the traditional Gaussian amplitude distribution, as shown in detail below. Further, the amplitude factor (i7 The differences between them are in the notation used for the oblate spheroidal coordinates, the modifying coefficients, and the use here of complex exponential notation. We now show why Flammer's substitution permits the same conversion of a spherical wave to a Gaussian beam as the complex-point-source approach. Consider the oblate spheroidal coordinate system with origin at (0, 0, -id). The parametric Eqs. (A7) below become
We now make the substitution
which is expression (9) in reverse, and Eqs. (15) become X = dp/s(4p/S 2 -1)1/2(1 -n 2 )1/ 2 COS kP y = dp/S(,P/S (12) These are the parametric equations for the prolate spheroi- The transformation of expression (9) has enabled us to convert a spherical wave to a wave with a Gaussian amplitude distribution without resorting to either the concept of complex point sources or the paraxial approximation. The function ' 0 /s is an exact solution to the scalar Helmholtz equation regardless of the value kd or the distance from the z axis. In the paraxial limit, this new wave function exhibits all the pertinent characteristics of the traditional scalar description of the fundamental mode of a Gaussian beam. This comparison will now be explored in depth.
NEW MATHEMATICAL MODEL FOR THE FUNDAMENTAL MODE OF A PROPAGATING GAUSSIAN BEAM
The traditional scalar description of the fundamental mode of a Gaussian beam derives from the resonator mode analysis of Fox and Li, 9 Boyd and Gordon,' 0 and others." 
where
where p 2 = X 2 +y 2 and q is identified as a complex beam parameter that describes the amplitude and curvature of the wave with distance p from the optic axis. The resultant form for the phase term derives from the paraxial approximation. The residual phase term P describes the difference between a plane and the Gaussian-beam wave front.
Equation (21) Canceling common terms leads to
Once again, we employ the trigonometric identity of Eq. (3a)
and find that 
W(Z) = w{1I +
The beam parameters zo and wo are known as the Rayleigh range and the beam waist, respectively, and are related by
with k the propagation constant of the medium. 
where t(x, y, z) is assumed to be a slowly varying complex function such that its second derivative 0 2 0/8z 2 is dropped from the scalar wave equation. Further, the expression for ,6 is assumed a priori to be of the form (28) Since t = sinh ,u in the oblate spheroidal coordinate system, (21) we now have a simple expression for the phase draw-up, -4. Equation (19) now becomes 4' = tan-' t. from the paraxial approximation in which 0 is so small that sin 0 and tan 0 are indistinguishable. For the purposes of this paper, 6 will be assumed to equal z 0 .
In 
Use of the binomial expansion and the paraxial approximation produces Since we established in Eq. (26) that w(z)/wo = cosh ,u, the amplitude factors are seen to be exactly equivalent. Therefore the intensity decrease on axis (77 = 1) is the same for both models.
We can now rewrite the wave function V/o/s in the paraxial limit to obtain
The most notable difference between Eq. (36) and the traditional Gaussian-beam description of Eq. (18) is that the wave front is now explicitly a section of an oblate ellipsoid rather than of a sphere. The idea that the Gaussian-beam wave front is a section of an oblate ellipsoid was first suggested in the work of Vainshtein. 4 Deschamps' stated that a family of ellipses confocal with the amplitude hyperbola was the exact expression for the Gaussian-beam wave front, although he did not propose a specific wave function. Ito extended this idea further to discuss Gaussian beams in the context of ellipsoidal wave functions. He did not investigate the significance of an elliptical wave front but used elliptical coordinates (prolate and oblate spheroidal and elliptic cylindrical) in which to express a broad class of beams with Gaussian amplitude beams as a special case. The advanltages of the model presented in this paper over previous attempts to describe a Gaussian beam are its simplicity, the elimination of the paraxial approximation, and the fact that Po/s is merely the zero-order term of an entire family of exact solutions to the scalar Helmholtz equation that possess a fundamental Gaussian amplitude distribution, along with predictably higher-order amplitude terms. The derivation of this family will be considered next. 
HIGHER-ORDER SOLUTIONS TO THE
with solutions O(6) = P m (cos 0).
Finally, the separated azimuthal equation is 
The complete solution of the Helmholtz equation is then the product of these separated solutions, or
#(r, 6, 0) = R(r)O(0)4'(q)
= h,(l)(r)Pm(cos 0)exp(±imk),
where only one of the spherical Bessel functions is used for simplicity. The same general method can be applied to the situation here, that is, to find the entire family of higher-order solutions that has as its zero-order term Eq. (14). Again, we begin in the prolate spheroidal coordinate system, for which we described a spherical wave emanating from a point source at the focus z = -d. Equation (11) can be rewritten as
where n = 0. A spherical wave converging toward the same point source would be described as
where we use the spherical Hankel function of the second kind. The entire family of higher-order diverging-wave solutions would then be
where the angle 6' is the angle that r+ makes with the z axis. r+ t+1
The geometry of this situation is demonstrated in Fig. 3 . Again we perform the transformation of expression (9) The complete family in oblate spheroidal coordinates is given by
where Previously, we stated that the amplitude distribution of each higher-order member of the family contained a fundamental Gaussian amplitude with higher-order amplitude terms. Consideration of Eqs. (50) and (51) demonstrates the meaning of this statement. The Gaussian-like exponential amplitude term, exp[-kd(1 -n)], occurs for every member of the family. However, as the order number increases, increasing orders of (77 2 + 42)1/2 occur along with the appropriate coefficients. These terms will affect the exact amplitude distribution, and the amplitude of each family member will vary with propagation, that is, with increasing t. To see this more clearly, the reader is referred to Appendixes C and D, where the higher-order functions for hn(')(t) and P-m(s) are written explicitly for individual orders.
CONCLUSION
Two families of exact solutions to the scalar Helmholtz equation have been introduced-a new one in the oblate spheroidal coordinate system and its related family in the prolate spheroidal coordinate system. These solutions consist of products of spherical Bessel functions and associated Legendre functions, which are not separable in their respective coordinate systems but are separable in a complexcoordinate system. Although this adds an additional level of complexity, it avoids the infinite-sum solutions derived on first separating Helmholtz's equation in three dimensions. However, the complexity introduced by the nonseparability of these functions does not present too great a difficulty. The largest problem with nonseparable equations lies with solving them-a service already provided here. Furthermore, these new functions share this aspect of nonseparability with the traditional Gaussian-beam modes, which are not separable in three dimensions. Finally, these solutions are not restricted by any approximations and are valid for any value of the product kd and at any point in space, with the obvious exception of the focal points.
A transformation first introduced by Flammer permits the conversion of one family of solutions into the other.
This has its most notable usefulness in the conversion of the 0, 0 orders. Specifically, we can convert a spherical wave with a real point source into a Gaussian beam that, in the paraxial limit, has all the pertinent characteristics of the fundamental mode of a propagating Gaussian beam. We can perform this conversion without resorting to the paraxial approximation or the concepts of complex point sources and complex space-time shifts. Because these families of solutions are unencumbered by the paraxial approximation, they present an attractive alternative model for studying the propagation of Gaussian beams with large divergence angles. These exact, closed-form solutions to the scalar wave equation are also the best starting point for developing Gaussian amplitude solutions to the vector wave equation. Each member of the family of solutions in the oblate spheroidal coordinate system possesses a fundamentally Gaussian amplitude distribution with higher-order amplitude terms, all of which vary on propagation. In addition, the exponential phase is fundamentally a section of an oblate ellipsoid, also with higher-order terms. Although the individual pieces appear quite confusing in their nonseparable form, a simple geometrical model does exist that facilitates their interpretation. This model will be the subject of a future paper.8 APPENDIX A: SPHEROIDAL COORDINATE
SYSTEMS
The prolate spheroidal coordinate system is formed by rotating a system of confocal ellipses and hyperbolas about the major axis of the ellipse. The axis of rotation is the z axis, and the foci occur on this axis, symmetrically located about the origin with a spacing of 2d. The prolate spheroidal coordinates, shown in Fig. 1(a) , are related to rectangular coordinates by a set of parametric equations given by In the oblate case, we let t = sinh A and -= cos 0. The parametric equations then become 
The surface t = constant > 1 is a probable ellipsoid with a major axis of length 2dt and a minor axis of length 2d sinh ,.
The degenerate surface t = 1 is straight line along the z axis from z = -d to z = +d. The surface 1)1l = constant < 1 is a hyperboloid of revolution of two sheets whose asymptotes pass through the origin, inclined at an angle 0 = cos-1 7 to the z axis. The degenerate surface 17)l = 1 is that part of the z axis for which lzI > d. Finally, the surface 0 = constant is the azimuthal plane containing the z axis.
The oblate spheroidal coordinate system, shown in Fig.  1(b) , is formed by rotating the same system of mutually orthogonal ellipses and hyperbolas about the minor axis of the ellipse. Again, the z axis is the axis of rotation, but now With further differentiation and some algebraic manipulation, the individual right-hand terms of Eq. (B1) become 
Equation ( 
APPENDIX C: LEGENDRE POLYNOMIALS AND ASSOCIATED LEGENDRE FUNCTIONS
The associated Legendre functions are given by (C1) which are the Legendre polynomials.
In Tables 1 and 2 
